Introduction
Background. Axial-piston pumps are used within hydraulic circuitry for providing fluid power for a given hydraulic system. In the past, it has been common to operate an axial-piston pump as a fixed-displacement device, which means, the pump has been designed to delivered a constant amount of flow regardless of how much flow the hydraulic circuit actually needs at any instant in time. In order to handle the excess flow from the fixeddisplacement pump, the hydraulic circuit has generally been designed with a relief valve that bleeds the excess pump-flow back to a reservoir. As a result of exercising the relief valve, this hydraulic-circuit design has caused a significant amount of heat generation and power loss. For this reason, variable-displacement pumps have more recently been introduced and widely used within hydraulic-circuit designs. Variable-displacement pumps are capable of changing the amount of flow that is delivered to the hydraulic circuit. By sensing the immediate needs of the hydraulic circuit, the discharge flow of the pump may be intelligently varied to deliver only the amount of flow that is required by the system at any given instant in time. This flow-varying feature of the variable-displacement pump has increased the efficiency of hydraulic circuitry in general; however, it has introduced an interesting control problem all by itself. Now that the pump discharge flow may, and should, be varied, what is the nature of the pump system which is to be controlled and how does an engineer achieve the type of control he or she desires? Literature Review. Within the past fifteen years, a significant amount of attention has been directed toward the control issues of variable-displacement axial-piston pumps. Perhaps some of the most pioneering work has been done by Zeiger and Akers ͓1͔ in which the control torque on the swash plate of the pump was derived and studied based upon the first principles of Newtonian physics. In this work, Zeiger and Akers present the equations which govern the steady-state swash plate control-torque and numerically generate results of the nonlinear model presented. In 1987, Kim et al. ͓2͔ conducted a study on the sensitivity of the variable displacement control problem to certain parameters within the pump system. In this study it was rightly concluded that the dominant dynamics of the pump were more characterized by the servo mechanisms, which are used to control the pump rather than the mass and damping on the swash-plate itself. A weakness of this study, however, can be seen in the oversimplified model for the control torque itself which essentially neglected the pressure effects associated with this quantity. In 1990, Schoenau et al. ͓3͔ conducted numerical and experimental studies on a variabledisplacement pump in which they used regression techniques that generated linear and nonlinear terms for describing the control torque on the swash plate. The coefficients of these terms were generated from the numerical results and the attempt of this research was to simplify the work presented originally by Zeiger and Akers ͓1͔. In 1996, Manring and Johnson ͓4͔ presented a closed-form approximation of the control torque on the swash plate. Unlike previous research, this work simplified the control torque expression without eliminating critical terms. Furthermore, the coefficients for this model were analytically generated, which made the results useful from an a-priori perspective. In other words, this work did not rely upon the use of complex numerical programs or extensive laboratory testing-the equations were applicable to any machine with a given parametric design. Since these significant results have been published, other work regarding pump dynamics and controls has continued to appear in the literature. One such piece of literature has been a Master's thesis written at the University of Missouri-Columbia ͓5͔. This work has considered the alteration of the traditional pump design by including a compression spring within the piston chambers of the pump. The effect of this alteration on the control of the swash plate is the current topic of this paper.
Traditional Pump Configuration. Figure 1 shows the general configuration of the traditional axial-piston pump design. This machine consists of several pistons within a common cylindrical block which are nested in a circular array within the block at equal intervals about the x-axis. As shown in Fig. 1 , the cylinder block is held tightly against a valve plate using the force of the com-pressed cylinder-block spring. A thin film of oil separates the valve plate from the cylinder block which, under normal operating conditions, forms a hydrodynamic bearing between the two parts. A ball-and-socket joint connects the base of each piston to a slipper. The slippers themselves are kept in reasonable contact with the swash plate by a hold-down device ͑not shown in Fig. 1͒ and a hydrodynamic bearing surface separates the slippers from the swash plate. The swash-plate is constrained to move with a single degree of rotational freedom about the y-axis and this restricted motion is guaranteed by the control and containment devices which may vary tremendously in their design. Therefore, the actual control and containment devices are not shown in Fig. 1 .
While the valve plate is held in a fixed position, the coupled shaft and cylinder block are driven about the x-axis at a angular speed, . During this motion, each piston periodically passes over the discharge and intake ports on the valve plate. Furthermore, because the slippers are held against the inclined plane of the swash plate, the pistons undergo an oscillatory displacement in and out of the cylinder block. As the pistons pass over the intake port, the piston withdraws from the cylinder block and fluid is drawn into the piston bore. As the pistons pass over the discharge port, the piston advances into the cylinder block and fluid is pushed out of the piston bore. This motion repeats itself for each revolution of the pump and the basic task of displacing fluid is accomplished.
Objectives of this Research. This research begins by presenting a nontraditional pump design which utilizes a piston-bore spring. See Fig. 2 . The piston-bore spring is included in this design for the purpose of holding the cylinder block against the valve plate and for forcing the pistons in the negative x-direction. By forcing the pistons in this direction, the piston-bore spring also assists in holding the slippers against the swash plate during the normal operation of the pump. Though these advantages of the design may be readily seen by inspection, it is not obvious how the control torque on the swash plate is effected by the piston-bore spring nor is it obvious how one would go about designing the spring to produce a favorable result. To clarify the benefit of this design, a mechanical analysis is conducted to describe the effect of the spring on the control torque itself. As a result of this analysis, a general equation which describes the swash-plate motion is presented. Within this equation, it may be seen that the spring force provides a restoring force on the swash plate which tends to stabilize the design. The piston-bore spring is also shown to be capable of eliminating the cross-over from a stroke increasing swash-plate torque to a stroke decreasing swash-plate torque. By eliminating this cross over, the backlash in the pump control ͑which is commonly observed in practice͒ can be prevented.
Mechanical Analysis
Swash Plate Free-Body Diagram. Figure 3 shows a freebody diagram of the swash plate. In the analysis that follows, it is assumed that the swash plate is adequately constrained by a containment device that allows only a single degree of rotational freedom about an axis that is perpendicular to the paper, i.e., the y-axis. Using Fig. 3 , a single equation of motion for the swashplate may be written by summing moments about the swash-plate pivot axis and setting them equal to the time rate-of-change of angular momentum in the y-direction. This result is given by
where I sw is the mass moment of inertia of the swash-plate about the pivot axis, ␣ is the swash-plate angle of rotation with respect to the z-axis, T is the torque on the swash plate which is provided by the control device, N is the total number of pistons within the Transactions of the ASME pump, R n is the reaction force between the nth slipper and the swash plate, and l n is an instantaneous geometric dimension for the nth piston-slipper assembly shown in Fig. 3 .
Slipper Free-Body Diagram. The slipper free-body diagram is shown in Fig. 4 . Summing forces in the x-direction and setting them equal to the time rate-of-change of linear momentum for the slipper in the x-direction yields the following result: (2) where M s is the mass of a single slipper, x n locates the nth pistonslipper ball joint in the x-direction relative to the origin of the coordinate system, X s locates the mass center of the slipper relative to the piston-slipper ball joint, and F n x is the reaction force between the nth slipper and piston in the x-direction. Similarly, summing forces which act on the slipper in the z-direction and setting them equal to the time rate-of-change of linear momentum for the slipper in the z-direction yields the following result:
where z n locates the nth piston-slipper ball joint in the z-direction relative to the origin of the coordinate system and F n z is the reaction force between the nth slipper and piston in the z-direction. Summing moments about the mass center of the slipper and setting them equal to the slipper's time rate-of-change of angular momentum yields
where I s is the mass moment of inertia for the slipper about the mass center of the slipper in the y-direction and h n is an instantaneous dimension shown in Fig. 4 . Note: h n describes the location of the centroid of the reaction force, R n , for the nth slipper.
Piston Free-Body Diagram. Figure 5 shows the free-body diagram of the piston. This figure shows only the x-components of force since these are the only components necessary to complete the analysis of this research. Summing the forces and setting them equal to the time rate-of-change of linear momentum yields
where M p is the mass of a single piston, A p is the pressurized area of the piston, P n is the fluid pressure within the nth piston chamber, F sp n is the applied spring force on the nth piston, and C p is the viscous drag coefficient at the interface between the piston and the cylinder block. The spring force itself may be more explicitly written as
where F sp o is the spring load when x n ϭ0 and k is the designed spring rate.
Kinematics of the Piston-Slipper Ball Joint. Figure 6 shows a schematic of the spacial trajectory of the piston-slipper ball joint. From this figure it can be seen that the location of the ball joint in the x-direction with respect to the origin of the coordinate system is given by
where r is the piston-pitch radius and n describes the angular position of the nth piston about the centerline of the shaft ͑or the x-axis͒. Differentiating this result once with respect to time yields the following result for the nth piston's velocity in the x-direction:
where is the angular velocity of the shaft. Differentiating Eq. ͑8͒ with respect to time yields the following expression for the nth piston's acceleration in the x-direction:
From Fig. 6 it can be seen that the location of the ball joint in the z-direction with respect to the origin of the coordinate system is given by z n ϭr sin͑ n ͒.
Taking the derivative of this expression twice with respect to time yields the acceleration of the nth piston in the z-direction:
From Figs. 3 and 6, it can be shown that the instantaneous moment arm associated with the reaction force between the nth slipper and the swash plate is given by l n ϭz n cos͑␣ ͒ϩh n ϭr sin͑ n ͒cos͑ ␣͒ϩh n .
Fluid Pressure Within the Piston Bore. In this section the pressure-rise-rate equation is derived using a control-volume approach that is common to previous research ͓1͔, ͓6͔. Once this equation and its basic components are derived, a numerical solution of the equation as it pertains to the geometry and operating conditions of a hydrostatic pump is presented. Finally, this section concludes with a simplified approximation of this pressure and a geometric interpretation of its profile. Figure 7 shows a piston as it operates within its bore where the volume of fluid within the bore is taken as the control volume of study. The pressure outside the piston bore, P b , is shown to vary with time to simulate the fact that as the cylinder block rotates about the x-axis, this pressure repeatedly changes from the high discharge pressure, P d , to the low intake pressure, P i . The discharge area of the piston bore, A o , is also shown to vary with time to model the transition regions on the valve plate where the slots provide a variable opening into each port.
If one notes that the instantaneous mass within the piston bore is given by M ϭV, where is the instantaneous fluid massdensity and V is the instantaneous volume within the piston bore, one can show that the fluid mass time rate-of-change is given by
Furthermore, the conservation of mass within the piston bore requires that
where Q is the volumetric flow rate into the piston bore. From the definition of the fluid bulk-modulus, ␤, it is observed that
where P is the instantaneous pressure within the piston bore. By substituting Eqs. ͑14͒ and ͑15͒ into Eq. ͑13͒, and rearranging terms, the general equation describing the pressure time rate-ofchange within a single piston bore may be written as
If it is assumed that the flow in and out of the piston bore occurs at a high velocity ͑and thus a high Reynolds-number͒, the flow rate Q may be modeled using the classic orifice equation which is given by
where the ''sign'' function takes on the value Ϯ1 depending upon the sign of its argument, C d is the orifice discharge-coefficient, and P b is the boundary pressure outside the control volume ͑either
The instantaneous volume of the nth piston-bore may be determined using Eq. ͑7͒, the area on the face of a single piston, A p , and the reference volume, V o . This quantity is expressed
By definition, dtϭd/. Using this definition with Eqs. ͑16͒, ͑17͒, and ͑18͒, the pressure rise-rate within the nth piston chamber may be rewritten as
Equation ͑19͒ is a nonlinear, first order, differential equation that does not have an analytical solution and must be solved numerically. Figure 8 shows a typical numerical result of Eq. ͑19͒. Note: both pressure, P n , and port area, A o , are plotted in this figure. As shown in Fig. 8 , the typical numerical solution to Eq. ͑19͒ demonstrates rather uninteresting behavior for the pressure, P n . As the piston bore passes over either the intake port or the discharge port of the valve plate, the port area, A o , remains at a maximum constant. Within these regions, the pressure within the nth pistonbore also appears to remain fairly constant ͑i.e., P n ϭ P i or P d ͒. The two ports on the valve plate are bridged by transition regions where A o goes from a maximum value to a minimum value, slowly grows within the transition slot, and then quickly returns to the original maximum value. As the nth piston-bore passes over the transition regions, the pressure changes almost linearly from one port pressure to the other. Figure 9 shows another result of this study where the pressure drop between ports has been reduced. Figure 9 represents a run using one sixth of the discharge pressure of Fig. 8 . From Fig. 9 it can be seen that a lower pressure drop between ports tends to create significant pressure spikes within the transition regions of the valve plate. This phenomenon is strictly a result of the volumetric compression and expansion within the chamber. In the first case, the chamber volume decreases at a rate faster than the fluid can squeeze out through the port. If the boundary pressure is not sufficiently large compared to the starting pressure, volumetric compression of the fluid will cause the pressure within the piston bore to overshoot the approaching boundary condition. In the second case, the chamber volume increases at a rate faster than the fluid can enter the piston bore. If the boundary pressure is not sufficiently small compared to the starting pressure, the pressure within the piston bore will undershoot the approaching boundary pressure. In either case, the pressure relaxes itself back to the appropriate boundary condition once sufficient flow is permitted by an increase in discharge or intake area.
Figs. 8 and 9 show two different characteristics of the pressure within the piston bore. While both of these characteristics are real, it should be noted that the profile of Fig. 9 is encountered less often than that of Fig. 8 . In other words, the more uninteresting result is the more common. For this reason, it has become common in industry to represent the pressure profile of the piston using the schematic of Fig. 10 . This schematic emphasizes the fact that the piston sees a constant pressure as it passes directly over either port and that it undergoes a transition in pressure as it passes over the slots on the valve plate. This transition occurs Transactions of the ASME through some average angular-distance which is noted in Fig. 10 as ␥. The angular distance, ␥, is commonly referred to as the pressure carry-over angle and has been illustrated and/or discussed in previous research dealing with related topics ͓1͔, ͓6͔.
Since Eq. ͑19͒ is complicated to solve, it is sometimes convenient to express the pressure within the nth piston bore using a discontinuous though much simpler expression. This expression assumes that the pressure remains constant as the piston passes over either the intake or discharge ports and that the pressure transition between ports occurs linearly over the range of the pressure carryover angle, ␥. This expression is written as
where mϭ( P d Ϫ P i )/␥. The pressure carry-over angle, ␥, of Eq. ͑20͒ is a convenient quantity for discussing the pressure profile. Since the volumetric changes of the piston chamber are small near the pressure transition zone, the geometry of Fig. 11 and the general form of Eq. ͑16͒ may be used to describe the instantaneous pressure change in this region as
Note: dtϭd/. Generally, the discharge area of the valve plate increases with , therefore, using the general form of Eq. ͑17͒, the volumetric flow out of the piston chamber may be written
where a contains information regarding the geometry of the discharge area and the density of the fluid. Treating the volume of the piston chamber as a constant VЈ, Eq. ͑21͒ may be rearranged in integral form as
Integrating Eq. ͑23͒ and rearranging terms yields the following result for the pressure carry-over angle: 
The important thing to notice about Eq. ͑24͒ is that the pressure carry-over angle grows with the angular speed and the pressure difference between the two ports. It is also interesting to note that the pressure carry-over is generally twice as sensitive to percent changes in speed as it is to percent changes in pressure. Since changes in volume have been neglected the influence of the swash-plate angle does not appear in Eq. ͑24͒ and can generally be ignored; however, increased swash-plate angles do tend to decrease the value of ␥ slightly. Since this is the case, Eq. ͑24͒ will produce results slightly larger than those of reality. Another aspect of Eq. ͑24͒ is that it neglects the discontinuities of a terminating slot ͑see Fig. 11͒ and therefore this result should not be trusted in regions that extend beyond the slot.
Symmetry Considerations.
If it is assumed that the pistons are spaced evenly in a circular array about the centerline of the shaft, then the angular position of each piston may be expressed as n ϭ 1 ϩ2(nϪ1)/N. Using this result, the following relationships may be shown using the Lagrange trigonometric identities ͓5͔.
These results will be used to simplify the final conclusions of this research.
Summary. The previous analysis is sufficient for determining a generalized equation of motion for the swash plate. Using Eq. ͑1͒ as the basis for this summary, the equation of motion for the swash plate may be written as
where
The right-hand side of Eq. ͑26͒ is difficult to determine since the pressure terms must be investigated numerically by solving the general form of Eq. ͑19͒ for each individual piston chamber. If, however, we use the pressure approximation of Eq. ͑20͒ an integral average of the pressure terms may be written as
Using this result, an average expression of Eq. ͑26͒ may be presented as
where T is the average torque exerted on the swash plate by the pump control-device. If it is assumed that ␣ ,␣«1, then a linearized form of Eq. ͑29͒ may be written as
and ⌶ 4 is shown in Eq. ͑27͒.
Pump Stability
Equation ͑30͒ is the linearized equation of motion for the swash plate. To make this equation more specific, the details of the average torque exerted on the swash plate (T ) must be filled in with the appropriate model of the control device itself. In a linearized sense, the control device often exerts a moment on the swashplate which is proportional to the swash plate angle itself. In this case, the average control torque may be separated into two parts as follows:
where T 1 is usually a function of control pressures, servo areas, and the pre-load of an external spring; and, T 2 is usually a func- Transactions of the ASME tion of an external spring rate, a fluid bulk modulus, and a servo volume. Using this result with Eq. ͑30͒, it can be shown that the effective spring rate on the swash plate is given by
For the swash plate to be stable, the effective spring rate must be positive. Therefore, the stability criterion for the swash plate is given by
The right-hand side of Eq. ͑34͒ shows that a destabilizing force generates itself on the swash plate as a result of the reciprocation motion of the piston-slipper assemblies. This inertial effect tends to drive the swash plate into stroke and this tendency must be resisted by some mechanism within the pump design or within the control system itself. The left-hand side of Eq. ͑34͒ shows the restoring forces that are exerted on the swash plate to resist the inertial effects and to ensure stability. The first term on the left describes the effect of the piston-bore spring which includes the spring rate itself while the second term, T 2 , describes the contribution of the control system. In some applications, it is conceivable that T 2 could be zero in which case Eq. ͑34͒ reduces to
This equation may be used as a guideline for designing the spring rate of the piston-bore spring for guaranteed stability of the swash plate. The added effect of T 2 will only enhance the swash plate stability provided that T 2 is positive.
Control Backlash
In practice, control backlash occurs when the control torque on the swash plate is required to change sign ͑or direction͒. To understand this phenomenon, it is useful to consider the steady-state version of Eq. ͑30͒ which may be written as
If the valve plate is designed so that ␥ is always positive, one can see that by satisfying Eq. ͑35͒ the control torque, T will never change sign and backlash will never occur. If, on the other hand, Eq. ͑35͒ is not satisfied, say there are no piston-bore springs and kϭ0, then backlash can occur for low pressure conditions. For the traditional design, it is the low pressure conditions that experience backlash which often results in adverse wear of the control devices and an occasional ''jerk'' in the output performance of the pump. By utilizing a properly designed piston-bore spring, backlash within the control can be prevented across the entire operating range of the pump.
Discussion and Conclusions
In this research, it has been shown that the use of piston-bore springs can be advantageous on two fronts: 1͒ they can be used to stabilize the swash plate, and 2͒ they can be used to prevent backlash in the pump control. Equation ͑35͒ presents the design criterion for the spring rate that may be used to accomplish the advantageous effects just mentioned. Physically speaking, the properly designed spring rate is used to absorb the kinetic energy associated with the reciprocating inertia of the piston-slipper assemblies within the pump. The kinetic energy stored in the piston-bore springs provides a restoring force on the swash plate which always tries to drive the swash plate to a minimum position. This is a stabilizing influence. If all of the natural forces acting on the swash plate tend to drive the swash-plate angle to a minimum value ͑for all operating conditions͒, it has been shown that the control torque will only be required to drive the pump into stroke and that this singular direction of effort will prevent backlash within the pump control. This is a significant contribution to the design since control backlash causes adverse wear within the pump and may also create an undesirable output from the pump during the backlash condition.
While the advantages associated with the piston-bore spring are mathematically clear, there are two other requirements that must be satisfied before the non-traditional pump design which utilizes piston-bore springs is complete: 1͒ the springs must be designed so that they are always in compression, and 2͒ the springs must be designed for an infinite life from a fatigue perspective. These two issues pertain to machine design practices which must be addressed before the design is considered to be reasonable. The first issue addresses the basic rule of thumb which says that a compression spring must never be used in a mode which requires extension. The second issue recognizes that a typical machine must operate for at least ten thousand hours at a rotational speed of at least two thousand revolutions per minute. This means that a single piston-bore spring will see at least 1.2ϫ10 9 cycles in its lifetime which is well above the infinite-life cycle range of any steel material ͓7͔. To satisfy the life requirement for the pistonbore spring, a designer may be required to make significant design changes to the cylinder block and piston-bore arrangement to accommodate large enough springs that will not exhibit fatigue failures. An example of such a design change may be given by: using a seven-piston design with bigger piston-bores rather than a ninepiston design with smaller piston-bores. Other examples may be found in Damtew's work ͓5͔ where actual piston-bore springs have been designed for a specific pump displacement. These design issues may be used to show that a simple retrofit of a traditional pump design with piston-bore springs may not be possible and that the overall pump design must be considered from the start with the added feature of piston-bore springs.
Nomenclature
A o ϭ discharge flow area of the piston chamber A p ϭ pressurized area on the face of a single piston C d ϭ discharge coefficient of the piston chamber C p ϭ viscous drag coefficient between the piston and the cylinder block F n x ϭ force reaction at the piston-slipper ball joint in the x-direction F n z ϭ force reaction at the piston-slipper ball joint in the z-direction F sp n ϭ piston-bore spring force within the nth piston chamber F sp o ϭ nominal piston bore spring force h n ϭ centroidal location of the reaction force between the nth slipper and the swash plate I s ϭ mass moment of inertia of the slipper about its mass center in the y-direction I sw ϭ mass moment of inertia of the swash plate about its pivot axis K e f f ϭ the effective spring rate acting on the swash plate k ϭ rate of the piston-bore spring l n ϭ moment arm of the force reaction between the nth slipper and the swash plate M ϭ mass of fluid within the piston chamber M p ϭ mass of a single piston M s ϭ mass of a single slipper m ϭ pressure-transition slope on the valve plate N ϭ total number of pistons within the pump n ϭ piston or slipper counter; e.g., the nth piston P ϭ fluid pressure P b ϭ boundary fluid-pressure outside the piston chamber P d ϭ pump discharge pressure P i ϭ pump intake pressure P n ϭ fluid pressure within the nth piston bore
